The effects of nuclear isospin asymmetry on α decay lifetimes of heavy nuclei are investigated within various phenomenological models of nuclear potential for the α particle. We consider the widely used simple square well potential and Woods-Saxon potential, and modify them by including an isospin asymmetry term. We then suggest a model for the potential of the α particle motivated by a microscopic phenomenological approach of the Skyrme force model, which naturally introduce the isospin dependent form of the nuclear potential for the α particle. The empirical α decay lifetime formula of Viola and Seaborg is also modified to include isospin asymmetry effects. The obtained α decay half-lives are in good agreement with the experimental data and we find that including the nuclear isospin effects somehow improves the theoretical results for α decay half-lives. The implications of these results are discussed and the predictions on the α decay lifetimes of superheavy elements are also presented.
I. INTRODUCTION
The nuclear α decay has been one of the most important tools to study nuclear forces and nuclear structure [1] . Even today, its role cannot be overemphasized in the investigation of nuclear properties and, in particular, in identifying syntheses of new elements. (See, for example, Refs. [2, 3] .) Although many facets of the nuclear force were uncovered and understood, there still remain a lot of questions to be explored. One very naive, but quite nontrivial question would be how many nucleons can aggregate in the heaviest nucleus. Since every nucleus is dynamical and the α decay is one of the major decay processes of heavy nuclei, the investigation of α decays of superheavy elements is required to find a clue to answer this question.
The structure of superheavy elements and their syntheses have been exciting research topics in both experimental and theoretical nuclear physics [4] . These topics attract recent research interests thanks to the construction of new facilities of rare isotope beams, which will allow the investigation of very neutron-rich nuclei as well as superheavy elements. The stability of nuclei can be achieved through the balance between the attractive nuclear force and the repulsive Coulomb force. As the number of protons increases, the Coulomb repulsion increases, thus more neutrons are required to form a bound state. However, the energy of neutron-rich nuclear matter is higher than that of symmetric nuclear matter because of the nuclear symmetry energy contribution to * shinek@knu.ac.kr † ylim9057@ibs.re.kr ‡ hch@daegu.ac.kr § yohphy@knu.ac.kr the total energy. Therefore, the nuclear symmetry energy is important to understand the structure of heavy, in particular, very neutron-rich nuclei [5] . Furthermore, unstable heavy nuclei eventually decay through spontaneous fission, beta decay, nucleon, and α emissions so it deserves to study the role of nuclear symmetry energy or the change of nuclear potential due to nuclear isospin asymmetry in these decay processes.
In the standard approach, the α decay lifetimes are governed by the effective potential for the nuclear force which combines the core nucleus and the α cluster. There are several phenomenological potential models for explaining the measured data of α decay lifetimes, which include the simple α cluster model with a square well potential model [6, 7] , cosh-type potential model [8] , generalized liquid droplet model (GLDM) [9, 10] , and densitydependent M3Y (DDM3Y) effective interaction [11] [12] [13] . In the simple cluster model, the α particle is trapped by the core nucleus in a nuclear plus Coulomb potential and the α decay happens as the bound α particle escapes from the potential barrier by quantum tunneling. The shape of the effective nuclear potential felt by the α particle is determined by fitting the parameters of the potential to the measured α decay lifetimes. Despite its simplicity, these models are quite successful to describe α decay lifetimes even quantitatively [6, 7] . For a more complete description of the data, one, of course, needs to develop more realistic potential models for the α particle.
Improvement of simple potential models has been pursued in several ways. For example, in the simple potential models illustrated above, the shape of a nucleus is robust and does not change during the decay process. Therefore, more realistic treatment on the shape evolution was anticipated and investigated, e.g., in the GLDM in Refs. [9, 10] . On the other hand, it is also desirable to understand the α potential in nuclear matter from a mi-croscopic approach. Along this direction, the authors of Refs. [11] [12] [13] parameterized the α particle potential using three Yukawa-type finite range forces that are modified by nuclear density. In this approach, it is assumed that the core nucleus follows the Fermi density profile and the α particle has the Gaussian density profile.
In the present work, we explore the nuclear isospin asymmetry effects in α decay half-lives of heavy nuclei. The α potential depth depends on isospin asymmetry [14, 15] and the potential depth from isospin asymmetry effects is naturally embedded when double folding model is employed [11] [12] [13] . The effects of the nuclear symmetry energy, i.e., the nuclear isospin asymmetry effects, were also considered in the computation of the Q value of the emergent α particle in Refs. [16, 17] . But the nuclear symmetry energy can affect the α decay lifetimes also through the nuclear potential of the α particle. Therefore, it would be legitimate to investigate the effects of the nuclear symmetry energy on α decay lifetimes through the modifications of the effective potential of the α particle, which may affect, in particular, the α decay half-lives of neutron-rich nuclei. We will address this issue in the present work.
Recent progress shows that the nuclear symmetry energy is well constrained both by experimental data and theoretical calculations at least near the normal nuclear density, and its effects have been investigated widely in various physical quantities of systems from nuclei to neutron stars [5, [18] [19] [20] [21] [22] . Since far neutron-rich nuclei play a crucial role in understanding of exotic nuclear structure, it is important to see how the nuclear symmetry energy affects the α decay lifetimes [5] . In principle, therefore, the nuclear symmetry energy should be considered in developing the effective α potential. Instead of invoking a complex microscopic calculation, however, we revisit the simple cluster model and modify the α particle potential by including the isospin asymmetry term. The model parameters are then fitted to the existing experimental data and they are used to predict the lifetimes of unknown elements. For a model based on more microscopic approach we also suggest a potential as a functional of proton and neutron densities relying on the Skyrme force model. In this approach, the isospin asymmetry effects affect both in nuclear potential and proton distribution so the penetration length depends on the unequal number of neutrons and protons. Compared with Yukawa type finite-range double folding model [11] [12] [13] , our approach is based on zero-range nuclear force (see Appendix). Finally, we will discuss the modification of the empirical formula of Viola and Seaborg for α decay lifetimes by explicitly including the isospin asymmetry term. This paper is organized as follows. In Sec. II, we discuss the general features of the potential model for nuclear α decay. To investigate the nuclear isospin asymmetry effects, we first consider the square well potential and the Woods-Saxon potential, and then suggest a potential motivated by the Skyrme force model before we discuss the modification of the empirical Viola-Seaborg formula. The computed α decay lifetimes of heavy nuclei of Z = 106-118 are compared with existing experimental data in Sec. III. We also present the predictions of α decay half-lives for superheavy elements in the range of Z = 117-122. Section IV contains the summary and discussion.
II. MODELS OF α DECAY
In this section, we briefly review and introduce potential models for the α particle. The fitting process to find the values of the potential parameters is also shortly described.
A. General features
In the present work, with a given model potential, we make use of the Wentzel-Kramers-Brillouin (WKB) approximation to calculate the α decay half-lives of heavy nuclei. In the α cluster model, the α particle interacts with the core nucleus, which becomes the daughter nucleus after decay, through the strong nuclear interaction and Coulomb interaction. Even though the α particle has a finite size (r α ∼ 2.0 fm), it is negligibly small since its volume fraction to the decaying nucleus, or mother nucleus, is less than 1/25 if A ≥ 100. This justifies the approximation of treating the α particle as an elementary particle, and the α decay can be described by the quantum tunneling of a pointlike particle. The potential of the α particle produced by the core nucleus can be written as
where V N (r) is the nuclear potential, V C (r) is the Coulomb potential, and V L (r) is the centrifugal barrier. The explicit forms of each potential are model-dependent and will be discussed later in this section.
In the semi-classical approximation [6] , the half-life is computed as
with [23] 
where m µ is the reduced mass of the system and P is the α particle preformation probability. It is the probability that an α particle is formed inside a nucleus, so that the α decay is described as the emission of the preformed α particle. It is understood to be similar to the spectroscopic factor of protons in the case of proton emission process [24] . Since our purpose is to see the effects of nuclear isospin asymmetry in the nuclear potential of the α particle and the parameters of the potential will be fitted by experimental data, we simply assume P = 1 throughout this work. The normalization factor F is defined by
Physically, F is the assaulting frequency of the α particle to the potential well by the core nucleus. Here, r 1 , r 2 , and r 3 denote classical turning points at the centrifugal barrier, inner and outer barriers of the Coulomb potential, respectively. The wave number of the α particle is given by
where Q α is the energy of the system during the decay process. It is known that the α decay half-lives are very sensitive to the value of Q α .
To compute the α decay half-life, one has to model the potential appearing in Eq. (1) . The potentials to model the interaction between the α particle and the core nucleus are parameterized and these parameters are determined by the Monte Carlo method with which we minimize the root-mean-square (rms) deviation σ defined as
where N data is the total number of data. In the present work, we consider three models for the potential and explore a possible modification of the empirical ViolaSeaborg formula for α decay half-lives.
B. Square well potential for α particle
We first consider the square well potential as the simplest choice for the nuclear potential of the α particle. In Ref. [6] , it was found that the square well potential approach is quite successful to explain the α decay halflives considering its simplicity. The square well potential assumes that nuclei have sharp edges as in the liquid drop model. Since a uniform density is assumed, the nuclear potential for the α particle is constant and attractive. Therefore, we have
where R is the radius of the core nucleus and V 0 < 0. Since our aim is to explore the effects of the nuclear isospin asymmetry, we just follow the square well potential model of Refs. [6, 7] , which assumes the Coulomb potential of the surface charge form as
where Z 1 = 2 and Z 2 = Z − 2 in our case. The radius R of the core nucleus is found from the Bohr-Sommerfeld quantization condition:
where the value of G depends on the neutron number N as [6, 7] 
for 82 < N ≤ 126, 24 for 126 < N.
The centrifugal barrier is written as
where is the relative orbital angular momentum between the core nucleus and the α particle. In this calculation, = 0 is assumed as in Refs. [6, 7] and thus there is no contribution from V L .
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On top of this model, we consider the effects of the nuclear symmetry energy. In order to take into account the isospin asymmetry effects, we modify the α particle nuclear potential for r < R as
where
with Z being the number of protons so that A = N + Z. The constants V 1 and V 2 control the dependence of the nuclear potential on the isospin asymmetry.
C. Woods-Saxon potential for α particle
More realistic potentials than the simplest square well potential can be constructed by considering nonuniform distribution of nucleons in the core nucleus. One typical example is the Woods-Saxon potential [25] which assumes Fermi or logistic function distribution of the nucleon density profile. This leads to the nuclear potential in the Woods-Saxon form:
where R is the rough radius of the nucleus and a is diffuseness parameter. As in the case of the square well potential model in the previous subsection, the radius R is determined by the quantization condition of Eq. (9). To take into account isospin asymmetry, we modify V N (r) as [14, 15, 26] 
The value of a obtained from the least σ fitting is found to be a = 0.4 fm. 3 We also tried to improve the fitting by allowing the functional form of a = a(I), but it does not show any apparent isospin dependence in minimizing the rms deviation. Thus, we fix a = 0.4 fm in our simulation as in Ref. [8] .
In this model, the core nucleus is assumed to have a uniform charge distribution [8] . Therefore, unlike the square well potential model, we have
for r < R ,
Furthermore, it is known that the proper application of the WKB formula needs to replace V L by the modified centrifugal barrier of Langer [28] , which reads
In the present study, we vary the angular momentum in the effective α potential to obtain the best fit with the experimental data, but with the constraint of parity conservation. This completes our second model for the α potential and the parameters are determined by minimizing the rms deviation defined in Eq. (6).
D. Potential based on the Skyrme energy density functional
While the previous two models are based on macroscopic approaches to the nuclear potential of the α particle, the phenomenological Skyrme force model gives a tool based on a more microscopic background to understand the form of the nuclear potential. Within this approach the potentials of protons and neutrons in nuclei are expressed as functions of proton and neutron densities [29] .
As in the previous models, we assume that the α particle is small enough to be treated as a pointlike particle.
from SLy4 Hartree-Fock calculation is about 2.60 fm, which then gives a ≈ 0.59 fm [27] . This value differs from the fitted value by a factor of 1.5. Then a pointlike α particle in a decaying nucleus interacts with pointlike nucleons in the core nucleus. At the leading-order approximation, two-body interactions describe the interactions between the α particle and the nucleons of the core nucleus. Employing the standard form of the energy density functional (EDF) of the Skyrme force, we write the interaction of α particle as
where r N α = r N − r α , ρ N = ρ n + ρ p is the nucleon density, P σ is the spin exchange operator, and
and are the parameters of the potential. The momenta k and k are defined as
Evaluating the matrix elements of Eq. (18) leads to a form of the α particle potential as a functional of the proton and neutron densities as
Details for the derivation of Eq. (20) are described in Appendix.
As for the density profiles of protons and neutrons, we assume the Fermi distribution, i.e., the form of the logistic function as
where R n , R p are to be determined not from the quantization condition but from the number of neutrons and protons in the core nucleus. We use the values of ρ 0 n , ρ 0 p , a n , and a p from the Thomas-Fermi calculation using the SLy4 force. Since the proton distribution is given explicitly, the Coulomb potential can be calculated as
where Z 1 = 2 in the case of α decay.
In the effective potential of Eq. (20), the isospin asymmetry effects are accounted for through the β and γ interaction terms. The parameter is introduced to account for the nuclear many-body effects in nuclei, but we found that the results are not sensitive to the value of , so we set = 1 6 throughout this study. The interaction parameters α, β, γ, δ, and η are fitted by minimizing the rms deviation. In this model, we also use the centrifugal barrier as given in Eq. (17) , and this completes our model for α nuclear potential based on the Skyrme EDF.
E. Empirical formula for α decay half-lives with isospin effects
The Geiger-Nutall law gives a simple relationship of α decay lifetimes to the proton number and the Q α value [32] . The Viola-Seaborg (VS) empirical formula, which is an improved form of the Geiger-Nutall law, is widely used to estimate the α decay lifetimes, and it reads [33] 
where a, b, c, d are parameters to be fitted to the experimental data. In its original form, Eq. (23) contains an h log term that takes into account the difference between the even and odd nuclei. In this work, we allow different values of the parameters for even or odd numbers of Z and N , so introducing the blocking factor for odd nucleus h log is not necessary in our formula. The subsequent efforts to improve this relation can be found, e.g., in Refs. [34] [35] [36] [37] [38] . Since the primary aim of the present work is to look for the effects of nuclear isospin asymmetry, we simply modify the above formula as
where I is defined in Eq. (13) .
III. RESULTS
In this section, we perform the fitting procedure described in Sec. II A and present the fitted parameters. We then compare our results with the available experimental data and give our predictions on the α decay lifetimes of superheavy elements.
A. Fitted parameters
We begin with the simple square well (SW) potential model whose fitted parameters are presented in Table I , II, and III for four different cases of α decays, namely, even-even (e-e), even-odd (e-o), odd-even (o-e), and oddodd (o-o), where the former refers to the neutron number and the latter to the proton number of the decaying nucleus. For the fitting process, the Ame2012 experimental data compiled in Refs. [30, 31] are used. Numbers in parentheses denote the values obtained without the I and I 2 terms. Comparing the rms deviations σ for the cases with and without the isospin asymmetry terms, we notice a slight improvement due to the I and I 2 terms. The rms deviation σ value has the lowest value for the case of e-e nuclei and larger values for other nuclei. The main reason for this behavior is the assumed value ( = 0) of the orbital angular momentum. To verify this, we allow the variation of for each nuclei. It is then found that = 0 gives a reasonable description of the decays of even-even nuclei but = 0 is definitely needed to have a better fit for the other nuclei. Since = 0 is assumed for all nuclei in the SW potential model, there is a limit to reduce the σ values for even-odd, odd-even, and odd-odd nuclei. But we do not further pursue to find a better parameter set by varying the value of in this model, as our purpose is to see the role of the isospin asymmetry terms compared with the model of Refs. [6, 7] .
Unlike the SW potential model discussed above, the = 0 constraint is released in the Woods-Saxon (WS) potential model following the prescription of Ref. [8] . Table IV, V, and VI show the fitted parameters of the WS potential. We can see that the rms deviation in the case of even-even nuclei is similar in quality to that of the SW potential model. But the results for the other nuclei are improved a lot. The main reason is that, as was mentioned above, we allow the variation of in the fitting process. Namely, we change the value for each nucleus so that it reproduces the best result of rms deviation, while the condition of parity conservation is satisfied. As a result, we obtain a better result for the rms deviation. Inclusion of isospin asymmetry term slightly improves the results of even-even nuclei, but leaves the rms deviation almost unchanged for odd-N or odd-Z nuclei, which implies that, in this model, the angular momentum effect is much stronger than the isospin asymmetry effect.
Presented in Table VII are the parameters of the α nuclear potential from the Skyrme EDF. For the fitting process, we use the data only for even-even nuclei since the formula already includes the isospin dependence explicitly and the parameters should be the same for the four cases of the proton and neutron numbers. Table VII also displays the rms deviation values with the fitted parameters for four cases of nuclei. As in the WS potential model, we assume = 0 for even-even nuclei, but allow the change of for other nuclei, which results in smaller deviations for odd-N or odd-Z nuclei. The overall agreement with the measured data is as satisfactory as the WS potential model. More detailed comparison will be presented in the next subsection.
In order to see the model dependence of the results, we plot the obtained nuclear potentials of the α particle for the nucleus Uuo 294 118
in Fig. 1 . We find that the three models provide similar potentials but the structure of the potential in the inner region (r < 10 fm) shows of the three models considered in the present work.
rather strong model dependence. Namely, the WS potential gives the deepest potential, while the depths of SW and EDF potentials are similar to each other. Roughly speaking, the depth of the WS potential is bigger than those of the SW and EDF potentials by about 20%. On the other hand, the barrier width for a given value of Q α takes the largest value for the WS potential and the smallest for the EDF one, but the difference is only less than 1 fm. Since the half-life is mostly determined by the quantum tunneling effects, the major factor that determines the lifetime is the potential width where the α particle should penetrate. Therefore, in the case of Uuo 294 118
, we have the hierarchy of T
that is confirmed by numerical calculation. 5 This is so 5 Of course, we have different relations among them depending on because a shorter penetration barrier gives a shorter lifetime. However, the inner part of the potential may affect the lifetime through the assaulting frequency F determined by the Q α value. The results shown in Tables I  -VII suggest that the isospin asymmetry effects in SW and WS models are mostly involved in assaulting frequencies and the penetration lengths are almost unaffected. Therefore, the rms deviations are not improved much by the isospin asymmetry effect.
In the present work, we also investigate the modified VS formula for the α decay lifetimes. Table VIII-X show our results on the fitted parameters for the modified VS formula and the corresponding rms deviation. The numbers in parentheses represent the results without the isospin asymmetric terms. Compared to the SW and WS potential models, inclusion of the isospin asymmetry term considerably improves the rms deviation. However, the obtained rms deviations are larger than the WS model which may indicate some missed structure in the VS formula. Firstly, in the (modified) VS formula, there is no room to incorporate the contribution of the angular momentum , i.e., the centrifugal barrier, so this may limit the application of the VS formula. Secondly, the α decay lifetimes may have a more complicated dependence on isospin asymmetry other than the I and I 2 terms. Such effects could be accounted for through more realistic microscopic approaches.
B. Comparison with data
We present our results for α decay half-lives of several heavy nuclei in Table XI, Table I . EDF potential model, and the VS formula, where the SW, WS, and VS models include the isospin asymmetry terms. The experimental Q α values and measured half-lives of heavy nuclei are also given for comparison. The rms deviation σ given in this table is the value obtained with the listed 27 nuclei. All the models give half-lives consistent with the experimental data and, at least, they are in the correct order of magnitude. Very few exceptional cases are the SW and VS models for the (Z, A) = (111, 279) nucleus and SW model for the cases of (107, 270) and (109, 274), where the theoretical values are smaller than the measured data by an order of magnitude. On the other hand, Skyrme EDF model reproduces the experiment data fairly well, giving the ratio of theory to experiment in the range from 0.40 for (109, 276) to 2.53 for (116, 291).
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Excellence of the EDF approach for the listed 27 heavy nuclei can be verified by the small value of the rms deviation as shown in the last row of Table XI. For the SW potential and the VS formula, the σ values are signifi- 6 Our fitted parameters determined in this section without the isospin term are consistent with those of Refs. [6, 7, 37] for eveneven nuclei considering the different sets of data used in the fitting procedure. In the present work, for the SW and WS potentials, we carry out the fitting separately for even-even, even-odd, odd-even, and odd-odd nuclei. Tables I and IV that are obtained in the fitting. This may indicate the limitation of these models to describe α decays of heavy nuclei. As was mentioned earlier, the orbital angular momentum is set to be zero in the SW and VS models regardless of the type of decaying nuclei. On the other hand, this restriction is released for the WS and Skyrme EDF models, and consequently, they lead to better fittings. Nevertheless, it should be mentioned that the rms deviation value of the Skyrme EDF model in Table XI is even smaller than those in Table VII and this indicates the usefulness of this model for describing α decays of heavy nuclei.
We also compare our results with those obtained in the unified fission model (UFM) of Ref. [43] . For this end we take Table I in Ref. [43] as a benchmark for our calculation to have one-to-one comparison possible. For most nuclei UFM also gives a good agreement with the experiment data except for several cases such as (Z, A) = (107, 270), (109, 274), (111, 279), and (113, 282), where the UFM predictions are smaller than the measured data by a factor of 10 or more. On the other hand, the Skyrme EDF model of the present work gives quite reasonable description for these cases. The main reason is attributed to the fact that, in the Skyrme EDF model, the shape of the potential changes depending on the values of Z and A. By changing the values of Z and/or A, the parameters of the density profiles of protons and neutrons in Eq. (21) need to be re-adjusted to find the minimum energy condition, which leads to the modification of the potential and thus the penetration length. Although the SW and WS potentials are somehow dependent on the neutron number through the quantization condition of Eq. (9), 7 the resulting half-lives indicate that the EDF model treats 7 A part of the isospin asymmetry effects of α decay comes from the modification of potential in a more proper way. This again suggests that microscopic treatments of nuclear potential are needed for more realistic approaches for understanding nuclear phenomena.
C. Predictions on undiscovered α decay lifetimes of superheavy elements
The information on the α decay lifetime can help experimentally confirm the synthesis of unknown superheavy elements. In this subsection we present our predictions on α decays of such elements. In this case, however, we do not have reliable information on the value of Q α , so we have to rely on the predictions of theoretical models on nuclear structure. Since the α-decay lifetime is sensitive to the value of Q α , this causes uncertainties in our estimates. In our calculation, we use the recent Weizsäcker-Skyrme4 (WS4) model of Ref. [44] , which gives a good description for the nuclei of Z ≥ 100. (See, for example, Refs. [45] [46] [47] for other models.) With nuclei masses the Q α values can be calculated by [48] 
where ∆M is the atomic mass-excess, ∆M α = 2.4249 MeV, and (k = 8.7 eV, β = 2.517) for nuclei of Z ≥ 60 and (k = 13.6 eV, β = 2.408) for nuclei of Z < 60. The obtained Q α values for heavy nuclei of Z = 117-122 are listed in Table XII together with their α decay half-lives predicted by the SW, WS, Skyrme EDF potential models, and the VS formula. Here, VS and VS0 denote the VS formula with and without the isospin term, the penetration length of the Coulomb potential which depends only on Z.
respectively. The nuclei listed in Table XII are along the valley of small Q α values. Because of the absence of the detailed information on their structure and quantum numbers, we simply assume = 0. Graphs shown in Fig. 2 visualize the half-lives listed in Table XII . For a given value of Z, the α-decay lifetime actually depends on the Q α value, and a longer lifetime is associated with a smaller Q α value. Comparing the results of the VS and VS0 formulas, we can see that the inclusion of the isospin term increases lifetimes a little bit, but does not make significant difference. Table XII , the lifetime of the (117, 294) nucleus was reported very recently [49] . The reported experimental value of its lifetime is 54 +94 −20 ms, which is about 20 times larger than our prediction of the Skyrme EDF model that gives 2.446 ms. We found that this discrepancy may be related to the difference of the Q α value between the theoretical prediction and the measured value. The WS4 model predicts Q α = 11.346 MeV [44] , but the measured value is 11.20 MeV [49] . The difference is only about 1.3 %, but as can be seen in the Geiger-Nutall law or the VS formula of Eq. (23), the lifetime is very sensitive to the value of Q α and one percent difference in Q α could result in a factor of 10 difference in the lifetime. This shows the sensitivity of the α decay lifetime to the nuclear structure and the important role carried by Q α in determination of nuclear half-lives.
Among the nuclei in
In fact, if we use the measured Q α value in our calculation, the obtained lifetimes are in good agreement with the measured lifetime as shown in Table XIII , which also summarizes the half-lives of the nuclei in the decay chain of the 117 294 nucleus. In most cases the models we use in this work reproduce the experimental data as good as in Table XI . However, we note that the theoretical predictions overestimate the lifetime of the (113, 286) nucleus by one or two orders of magnitude, which is similar to the observation mentioned in Ref. [50] . More rigorous and complex analysis would be required to understand this discrepancy. At the bottom of Table XIII, therefore, we provide two sets of rms deviation values. The upper and lower rows represent the rms deviation values with and without the (113, 286) nucleus, respectively. Advantage of including the isospin-dependent term is evident when we compare the results of the VS and VS0 formulas except the isotope of (113, 286).
IV. CONCLUSION
The phenomenological potential for the α particle inside a nucleus and the WKB approximation are the two key concepts to investigate α decay half-lives of nuclei in the cluster model. In the present work, we propose to modify the nuclear potential of the α particle by explicitly including the isospin-dependent terms containing I = (N − Z)/A and we calculated the α decay half-lives of nuclei with the value of I as large as 0.2. We also suggest a new effective potential of the α particle based on the Skyrme energy density functional, which contains the isospin asymmetry contribution in a more natural way. Finally, we modified the empirical VS formula by including the I and I 2 terms. Although the α decay half-lives are mostly determined by the value of Q α , we found that the isospin effects may improve the results to some extent as shown by our results. Together with the results of Ref. [16] , which shows the importance of nuclear symmetry energy in Q α values, our findings indicate the important role of nuclear isospin asymmetry effects in neutron-rich nuclei.
The potential model based on the Skyrme EDF suggests a form of the interaction between the α particle and nucleon in the lowest order. The parameters of this approach are then obtained by fitting the α-decay half-lives. In addition, the density profile of the core nucleus was found by the Thomas-Fermi approximation. The proposed EDF approach for α decay was found to explain successfully the decay events of heavy nuclei even better than the square well potential and Wood-Saxon potential approaches, which may be ascribed to the realistic density profile of the core nucleus based on a microscopic approach. This indicates that the isospin asymmetry may alter the penetration length of the potential barrier as well.
In the present work, we first parameterize the nuclear potential of the α particle and fit the parameters to the data. Therefore, in this process, we cannot take into account the specific properties of each nucleus. As a result, the effects which come from, for example, shell structure, deformation, preformation factor of α particle could not be properly taken into account. Therefore, improving the present model calculations along this direction and inclusion of isospin asymmetry effects in microscopic models would be desired to better understand nuclear α decay of neutron-rich nuclei. In microscopic approaches, the α particle bound state with a nucleus can be studied by solving the HartreeFock equation. As given in Eq. (18), we start with the potential in the form of
When kinetic energy is included, the above interaction leads to the Hamiltonian for α particle as
where τ and J are expressed as for the nucleon (A = N ) and the α particle (A = α). The single particle wave function ϕ(r) of the α particle can be obtained by solving the Hartree-Fock equation. In the spherically symmetric case, the wave function can be written as Since the total spin of the α particle is zero, i.e., σ α = 0, the spin-orbit coupling between the α particle and the daughter nucleus may be neglected. This process leads to the form of the effective potential of the α particle as . The experimental data are from Ref. [49] .
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